An optimal-observable analysis of the angular and energy distributions of the leptons and bottom quarks in the process
Introduction
In spite of the fact that the top quark has been discovered already several years ago [1] its interactions are still very weakly constrained. It remains an open question if top-quark couplings obey the Standard Model (SM) scheme of the electroweak forces or there exists a contribution from physics beyond the SM. We could interpret the great success of the 1-loop precision tests of the SM as a strong indication that the third generation also obeys the SM scheme. However, an independent and direct measurement of the top-quark couplings is definitely necessary before drawing any definite conclusion concerning non-standard physics.
Over the past several years there was a substantial effort devoted to a possibility of determining top-quark couplings through measurements performed at the open top region ♯1 of future e + e − linear colliders [3] - [6] . The existing studies focused mainly on tests of CP violation in top-quark interactions. In this article we will construct some new tools which could help to measure both CP violating and CP conserving top-quark couplings at linear colliders and therefore reveal the structure of fundamental interactions beyond the SM.
The top quark decays immediately after being produced and its huge mass m t ≃ 174 GeV leads to a decay width Γ t much larger than Λ QCD . Therefore the decay process is not influenced by any fragmentation effects [7] and decay products will provide useful information on top-quark properties. Here we will consider distributions of either ℓ ± in the inclusive process e + e − → tt → ℓ ± · · · or bottom quarks from e + e − → tt → (−) b · · ·. It turns out that the analysis of the leptonic and b-quark final states is similar and could be presented simultaneously. Although tt are also produced via W W fusion [8] , we do not consider here this mechanism since σ(e + e − → ttνν) is expected to be much smaller than σ(e + e − → tt) for the energy of our interest ( √ s < ∼ 2 TeV) [9] .
This paper is organized as follows. First in sec.2 we describe the basic framework of our analysis, and then show the angular and energy distributions of the ♯1 Recently an interesting and complementary analysis by Jezabek, Nagano and Sumino has been published [2] where the authors discussed possibility of determining CP -violating production form factors at the tt threshold region.
lepton and b-quark in sec.3. In sec.4, after briefly reviewing the optimal-observable procedure [10] , we estimate to what precision all the non-standard parameters can be measured or constrained adjusting the initial beam polarizations. Finally, we summarize our results in sec.5. In the appendix we collect several functions used in the main text for completeness, though some of them could also be found in our previous papers [4, 5] .
Framework and Formalism
We parameterize tt couplings to the photon and the Z boson in the following way (2.1) where g denotes the SU(2) gauge coupling constant, v = γ, Z, and 
where P L/R = (1 ∓ γ 5 )/2, V tb is the (tb) element of the Kobayashi-Maskawa matrix and k is the momentum of W . In the SM f L 1 =f L 1 = 1 and all the other form factors vanish. On the other hand, it is assumed here that interactions of leptons with gauge bosons are properly described by the SM. Throughout the calculations all fermions except the top quark are considered as massless. We also neglect terms quadratic in the non-standard form factors.
Using the technique developed by Kawasaki, Shirafuji and Tsai [11] one can derive the following formula for the inclusive distributions of the top-quark decay product f in the process e + e − → tt → f + · · · [4] :
where for a given final state f , α f is a calculable depolarization factor
It should be emphasized here that the above result means that there are no corrections to the "polarization vector" n ℓ µ for the semileptonic top-quark decay. On the other hand, one can see that the corrections to α b could be substantial as the kinematical suppression factor in the leading term 2r − 1(= −0.56) could be canceled by the appropriate contribution from the non-standard form factor f R 2 . Applying the strategy described above and adopting the general formula for the tt distribution dσ(s + , s − )/dΩ t from refs. [5, 12] , one obtains the following result for the double distribution of the angle and the rescaled energy of f for longitudinally polarized e + e − beams:
where α EM is the fine structure constant and B f denotes the appropriate branching fraction. The energy dependence is specified by the functions Θ f ( * )
i (x f ), explicit forms of which for unpolarized beams were shown in ref. [13] .
♯2 They are parameterized both by the production and the decay form factors.
The angular distribution for f could be easy obtained from eq. (3.3) by the integration over the energy of f : 4) where
are shown by eq.(A.1) in the appendix and x ± define kinematical energy range of x:
The decay vertex is entering the double distribution, eq.(3.3), through i) the func- .
Since α f = 1 for the leptonic distribution, we observe that the total dependence of the lepton distribution on non-standard structure of the top-quark decay vertex drops out through the integration over the energy [13] . ♯3 However, one can expect substantial modifications for the bottom-quark distribution since corrections to α b could be large.
The fact that the angular leptonic distribution is insensitive to corrections to the V − A structure of the decay vertex allows for much more clear tests of the production vertices through measurements of the distribution, since that way we can avoid a contamination from a non-standard structure of the decay vertex. As an application of the angular distribution let us consider the following CP -violating forward-backward charge asymmetry: 6) where P e − and P e + are the polarizations of e andē beams, dσ +/−( * ) is referring to f andf distributions respectively, and c m expresses the experimental polar-angle cut. As θ f → π − θf under CP , this asymmetry is a true measure of CP violation.
Since 0,1,2 , the asymmetry is explicitly given by the following formula
with (in the leading order)
♯3 The same conclusion has also been reached through a different approach using the helicity formalism in ref. [14] .
♯4 Which is an integrated version of the asymmetry we have considered in ref. [13] . 8) where all the coefficients are specified in the appendix, the subscript (0) indicates the SM contribution and we expressed α
As one could have anticipated, the asymmetry for f = ℓ is sensitive to CP violation originating exclusively from the production mechanism: It depends only on F
1,4 that contains contributions from the CP -violating form factors δD γ and δD Z while the contributing decay-vertex part consists of SM CP -conserving couplings only. For bottom quarks the effect of the modification of the decay vertex is contained in the corrections to b andb depolarization factors,
, with SM CP -conserving contributions from the production process.
♯5
It will be instructive to give the following remark here: The asymmetry is defined for various initial beam polarizations P e ± . For P e − = P e + , the initial state seems not to be CP invariant and therefore one might expect contributions to the asymmetry originating from the CP -conserving part of the top-quark couplings.
However, as it is seen from eq.(3.8), this is not the case. It turns out that even for P e − = P e + the asymmetry is still proportional only to the CP -violating couplings
where upper (lower) signs are those for CP -conserving (-violating) contributions [15] . Therefore, when only linear terms in non-standard form factors are kept, any CP -violating observable defined for the top-quark decay must be proportional to f 2, 3, 4 . The explanation is the following: Whatever the polarizations of the initial beams are, the electron (positron) beam consists of e(±1)(ē(±1)) where ±1 indicates the helicity, and only e(±1) andē(∓1) can interact non-trivially in the limit of m e = 0 since they couple to vector bosons. Therefore the interacting initial states are always CP invariant. Now, since we have observed in ref. [13] that the differential version of the asymmetry discussed here could be substantial for higher collider energy, in order to illustrate the potential power of the asymmetry we present in tabs.1 and 2 (as a function of √ s) the expected statistical significance (N SD ) for the asymmetry:
(1) P e − = P e + = 0 √ s (GeV) 500 700 1000 1500 and the expected statistical significance N SD for Re(δD γ,Z ) = +0.05, and beam polarizations P e − = P e + = (1) 0, (2) +0.8 and (3) −0.8 as an example.
(1) P e − = P e + = 0 √ s (GeV) 500 700 1000 1500
(2) P e − = P e + = +0.8 √ s (GeV) 500 700 1000 1500
N SD 4.04 1.52 0.33 1.27 and the expected statistical significance
.05, and beam polarizations P e − = P e + = (1) 0, (2) +0.8 and (3) −0.8 as an example.
where L eff ≡ ǫL is an effective integrated luminosity for the tagging efficiency ǫ. Hereafter we adopt the integrated luminosity L = 500 fb −1 and the efficiency ǫ = 60% both for lepton and b-quark detection. ♯6 In addition, to fit the typical detector shape [17] we impose a polar-angle cut | cos θ f | < 0.9, i.e. c m = 0.9 in eq.(3.8), both for leptons and bottom quarks. On the other hand, we will not impose any cut on the lepton/ b-quark energy since their kinematical lower bounds
GeV and E min b = 27.5 GeV (for √ s = 500 GeV) are large enough to be ♯6 That low efficiency is supposed to take into account cuts necessary to suppress the background. If the b-tagging is applied then, as shown in the second paper of ref. [16] , the irreducible background to top events due W ± + 2 b + 2 j is negligible, provided that a vertex tagging efficiency ǫ b > ∼ .5 can be achieved. Therefore for the b-tagging case the efficiency we have employed is definitely conservative. Since N SD scales as √ ǫL it would be easy to estimate the statistical significance for any given luminosity and efficiency.
detected. Perfect angular resolution will be assumed both for lepton and b-quark final states. Also ideal leptonic-energy resolution will be used.
As it is seen from the tables, the asymmetry A f CP turned out to be a very sensitive CP -violating observable; even for unpolarized beams and CP -violating couplings of the order of 0.05 one can expect 2.4σ ∼ 5.5σ effect both for lepton and b-quark asymmetries once L = 500 fb −1 is achieved.
The CP -violating form factors discussed here could be also generated within the SM. However, it is easy to notice that the first non-zero contribution to δD γ,Z would require at least two loops. For the top-quark decay process CP violation could appear at the one-loop level, however it is strongly suppressed by the double GIM mechanism [18] . Therefore we can conclude that an experimental detection of CP -violating form factors considered here would be a clear indication for physics beyond the SM. In particular, non-vanishing A l CP in the lepton distribution will strongly indicate some new-physics in ttγ/Z couplings.
Optimal-Observable Analysis

Optimal observables
Let us briefly recall the main points of the optimal-observable (OO) technique [10] .
Suppose we have a distribution
where f i (φ) are known functions of the location in final-state phase space φ and c i 's are model-dependent coefficients. The goal would be to determine c i 's. It can be done by using appropriate weighting functions w i (φ) such that dφw i (φ)Σ(φ) = c i .
Generally, different choices for w i (φ) are possible, but there is a unique choice so that the resultant statistical error is minimized. Such functions are given by 2) where X ij is the inverse matrix of M ij which is defined as
3)
The statistical uncertainty of c i -determination through dσ/dφ measurement be- 4) where σ T ≡ dφ(dσ/dφ) and N is the total number of events.
It is clear from the definition of the matrix M ij , eq. (4.3) , that M ij has no inverse if the functions f i (φ) are linearly dependent, and then we cannot perform any meaningful analysis. One can see it more intuitively as follows:
the splitting between c i and c j would be totally arbitrary and only c i + c j could be determined.
For application
In order to apply the OO procedure to the processes under consideration, we have to reexpress the distributions in the form shown in eq. are the coefficients to be determined. On the other hand, the double angular and energy distribution eq.(3.3) must be modified. We reexpress the distribution in the following way, keeping only the SM contribution and terms linear in the non-standard form factors: 5) where
As it is seen from the above formula, the coefficients c i of eq.(4.1) are just the anomalous form factors to be determined. The SM contribution reads: 2R . As explained earlier, one cannot determine their coefficients separately if they are not independent. As could be found from the appendix, for the double lepton distribution, the first nine functions are linear combinations of 10) while the last one,
2R , is a combination of δ{f ℓ , g ℓ , h ℓ 1,2 }(x) and cos n θ (n = 0, 1, 2). Since there are ten coefficients to be measured, ♯7 it looks always possible to determine all of them. However, it turns out not to be the case in some special cases. Indeed the possibility for the determination of all the ten form factors depends crucially on the chosen beam polarization.
This can be understood considering the invariant amplitude for eē → tt, which could be expressed in terms of eight independent parameters as
♯7 Counting the SM coefficient in front of S Therefore, the invariant amplitude becomes
and one ends with just four independent functions and therefore only four coefficients could be determined. More details could be found in the appendix below eq.(A.16). Of course, such singular configurations of polarization are not considered in our analyses.
2 (x) = 0, instead of ten functions φ i (x) we have in that case only nine of them given by the b-quark version eq.(4.10). Therefore, at most nine couplings could be determined. Since b-quark energy resolution is expected to be relatively poor, we will not apply OO procedure to the b-quark double distribution.
Numerical analysis
Below, we will adjust beam polarizations to perform the best measurement of the form factors. In order to gain some intuition we show in figs 2R , and S (0, * ) ℓ for P e − = P e + = 0.5
Lepton angular distribution
Since we have only three independent functions {1, cos θ, cos 2 θ}, M and its inverse X are (3, 3) matrices. We have considered the following polarization set-ups: P e − = P e + = 0, ±0.5 and ±1. Since 1 > | cos θ| > cos 2 θ we observe that X 11 < X 22 < X 33 , therefore the statistical uncertainty for Ω ( * ) 0 measurement, ∆Ω
0 , is always the smallest one.
Once we assume the detection efficiency ǫ and the integrated luminosity L, we can compute the statistical significance of measuring the non-SM part of Ω ( * ) i
For the efficiency and luminosity specified earlier we obtain
• P e − = P e + = 0 • P e − = P e + = +0.5 • P e − = P e + = +1 .11) where we put all the non-SM parameters Re(δ{A, B, C, D} γ,Z ) and Re(f R 2 ) to be +0.05 as an example.
As one can see, the precision is better for negative beam polarization, partly because of larger number of events. However we cannot conclude that using negatively-polarized beams is always more effective for new-physics search, since
SD strongly depends on the non-SM parameters used in the computations. In fact, positively-polarized beams give smaller X ii and this is independent of the choice of non-SM parameters. Therefore polarization of the initial beams should be carefully adjusted for each tested model in actual experimental analysis.
b-quark angular distribution
We can compute M, X and N (i) SD in the same way as for the lepton distribution:
• P e − = P e + = 0 • P e − = P e + = +0.5 4.12) for Re(δ{A, B, C, D} γ,Z ) = Re(f R 2 ) = +0.05. Negatively-polarized beams give better precision again, but the same remark as to the lepton angular distribution should be kept in mind also here.
The above results prove that the optimal observables utilizing the angular distributions should be very efficient seeking for the non-SM parts of Ω f ( * ) i . However, since they are combinations of the form factors, we can only constrain them. Of course, it would be exciting if we found any signal of non-standard physics, however our final goal is to determine each form factor separately. That is why we proceed to the next analysis using the double angular and energy distributions.
Lepton angular and energy distribution
Because of high precision of direction and energy determination of leptons we adopted the double energy and angular distributions, eq.(4.5), also for OO analysis.
As discussed earlier, in principle all nine form factors could be determined with the expected statistical uncertainties ∆c i for c i = Re(δ{A, B, C, D} γ,Z ) and Re(f R 2 ). The beam polarizations P e − and P e + were adjusted to minimize the statistical error for determination of each form factor. We found that positive polarizations lead to a smaller ∆c i for eight form factors in the production vertices. Unfortunately, however, the optimal polarizations for each form-factor measurement is different.
Below we present the smallest statistical uncertainties and the corresponding beam polarizations for each parameter:
for P e − = 0.7 and P e + = 0.7, where we also showed the expected precision of the other parameter measurements for the same beam polarizations. For instance, we can expect ∆[ Re(δA γ ) ] = 0.16
for P e − = P e + = 0.7 while the expected precision of Re(δA Z ), Re(δB γ ), · · · for the same polarizations are 0.13, 0.25, · · ·, respectively. This result is independent of the choice of the non-SM parameters in contrast to the preceding results.
As it is seen the precision of δ{C, D} Z measurement would be very poor even for the optimal polarization. This is mainly a consequence of the size of F ℓ( * )
{C,D}Z , which is illustrated in figs.1 and 2: These two functions are very small in a large area. More quantitatively, the size of the elements of M matrix, M ij , is O (1) for i, j = 7, 9, while the size of
In addition, determination of δD γ would be practically difficult, as well, since its error varies rapidly with the polarization. For example, ∆[ Re(δD γ ) ] becomes 0.86
for P e − = 0.1/P e + = 0.1 and 0.99 for P e − = 0.3/P e + = 0.1. The source of that sensitivity is hidden in the neutral-current structure with sin 2 θ W ≃ 0.23. Indeed, the optimal polarization becomes P e − = 0.1 instead of 0.2 (∆[ Re(δD γ ) ] = 0.09) for sin 2 θ W = 0.25. On the other hand, a good determination (almost independently of the polarization) could be expected for f R 2 . Indeed, the best precision is
for P e − = −0.8 and P e + = −0.8 (4.14)
whereas even for the unpolarized beams we obtain ∆[ Re(f The error for δD Z became much smaller but still too large for practical use. However, as we have seen in sec.3, the CP -sensitive asymmetry A f CP would provide much stronger constraints on δD γ,Z .
Summary and Conclusions
We have presented here the angular and energy distributions for (−) f in the process 
Next we present explicit formulas of the coefficient functions for the nine anoma-
2R (x, θ) takes different forms for f = ℓ and f = b as .6) and .13) where x is bounded as
The coefficients C(X : Y ) employed in the definition of the coefficient functions have been introduced through the following formulas: .14) and in the analogous manner for E V,A,VA , F 1∼4 and G 1∼4 . D As explained in the main text, they are not always independent of each other.
When P ⊕ = ±P ⊗ , i.e., P e − = P e + = ±1, we have
As a consequence of the above relations one gets {A,B,C,D}γ (x, θ).
In this case all we can determine (for the production form factors) are the following four combinations
Re(δ{A, B, C, D} γ ∓ (1 ± v e )d ′ δ{A, B, C, D} Z ).
Finally we present here formulas for D .18) with C ≡ 1/(4 sin 2 θ W ).
